Abstract. We generalise a method of Xiao Gang to construct 'prototypes' of fibred surfaces with maximal irregularity without being a product. This enables us, in the case of fibre genus g = 3 to describe the possible singular fibres and to calculate the invariants of these surfaces. We also prove structure theorems on the moduli space for fibred surfaces with fibre genus g = 2 and g = 3.
Introduction
Complex fibred surfaces f : X → B of small fibre genus may be studied by different techniques according to their irregularity q(X) = H 1 (X, O X ). If b denotes the genus of the base B and g the genus of a fibre, the irregularity of a fibred surface is subject to b ≤ q ≤ g + b. In case q = g + b the fibration is trivial, i.e. X is birational to a product.
Xiao ([Xi85] ) and Seiler ([Sei95] ) examined surfaces X with g = 2 and irregularity q(X) = b using the fact that these surfaces are double coverings of ruled surfaces. Xiao also studies ([Xi85] ) surfaces with g = 2 and q = b + 1 using the fixed part of the Jacobian fibration. We extend this technique to surfaces with q = b + g − 1, which we call maximally irregularly fibred. Maximal irregularity implies g ≤ 7 by ([Xi87a] ) and maximally irregular fibrations with g ≤ 4 are known to exist ([Pi89] ).
We construct a 'prototype'for maximally irregularly fibred surfaces with g = 3, i.e. a fibred surface such that any other surface with the same invariants arises via pullback by covering of the base curves (see Def. 1.3 for the precise definition). Compared to Xiao's case additional difficulties arise at the hyperelliptic locus due to the failure of infinitesimal Torelli. The prototype enables us to determine the degenerate fibres and invariants of maximally irregularly fibred surfaces with g = 3.
The techniques apply in principle also for g = 4 (and, if surfaces exist, also for g ≥ 5), but these cases additionally need an answer to a Schottky type problem, as explained at the end of the paper. Finally we show that these constructions glue together in families. We thus obtain structure results for components of the Gieseker moduli space of surfaces of general type. The surfaces admitting a maximally irregular fibration form connected components of the moduli space. These components fibre over a moduli space of abelian varieties. The fibres are moduli spaces of stable mappings.
The paper is organised as follows: In §1 we recall some facts on the fixed part of the Jacobian fibration. We are then able to give the precise definition of a prototype. Omitting some technical conditions on the abelian variety A one of the main theorems can then be roughly stated as follows:
Theorem 1.4'. Suppose d ≥ 3 and let A be a (1, d)-polarised abelian variety of dimension 2. Then there is a fibred surface S(A, d) → B(A, d), such that any maximally irregular fibration X → B with fixed part A and fibre genus 3 is obtained via base change B → B(A, d) from S(A, d).

The base curve B(A, d) is a double covering of the modular curve X(d).
Its proof relies on a parametrisation of the Jacobians of curves into which the abelian variety A injects. This result is stated as Theorem 1.6 and its proof is presented in §2. §3 contains the proof of Theorem 1.4 together with the computation of the invariants of maximally irregular fibrations. Finally in §4 we use these results to derive some structure results for the corresponding components of the moduli space.
Most of the results can be found in the author's thesis ([Mo02]).
Notation
We work over the complex numbers throughout. For a fibred surface f : X → B we denote by b = g(B) the base genus and g = g(F ) the fibre genus. The irregularity
We say the fibration f is of type (g, b) .
) denote the moduli functor for smooth curves of genus g (resp. abelian varieties of dimension g) and let M g (resp. A g )) denote the corresponding coarse moduli spaces.
When discussing surfaces of general type, we denote by X its canonical model, i.e. a normal surface with K X ample and at most rational double points. If necessary, S denotes the corresponding smooth minimal model. A relative canonical model of a flat family of surfaces of general type over some base T has a canonical model in the fibre over each complex point of T . Each flat family of surfaces of general type is birational to a relative canonical model (see [Tv72] ). We denote by S(·) the moduli functor which associates with a scheme T the set of flat families of relative canonical models of surfaces of general type over T .
Prototypes for fibred surfaces
A fibration of a surface f : X → B is a surjection onto a smooth curve B with connected fibres. The fibration is called regular if q(X) = b and irregular otherwise. If q(X) = b + g, the surface X is birational to a product of the base curve and smooth
